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ABSTRACT

Since dynamic mode decomposition (DMD) Galerkin reduced-order models (ROM:s) have been developed and successfully applied across
various fields, they hold great potential for constructing parametric reduced-order models (PROMs). By integrating the DMD-Galerkin
framework with different interpolation methods, accurate and efficient DMD-Galerkin PROMs are effectively constructed. Specifically, two
interpolation methods—Grassmann manifold interpolation (GMI) and mode-realigned pointwise interpolation (MRPWI)—are employed to
obtain complex-valued, non-orthonormal DMD modes at target (unseen) parameters. The interpolated DMD modes are then incorporated
into the Galerkin projection to build the DMD-Galerkin PROMs. It is noteworthy that the GMI, rigorously derived based on the complex
Grassmann manifold via the noncompact Stiefiel manifold representation, and the MRPWI, which relies on Kasner’s pseudo-angle, are both
directly applied to interpolate complex-valued, non-orthonormal DMD modes, making them particularly suitable for this interpolation pro-
cess. To evaluate the effectiveness of the proposed DMD-Galerkin PROMs, flow over a cylinder is adopted as a canonical benchmark for
assessing their predictive fidelity. The results show that for target parameters within the parameter space, the DMD-Galerkin PROM:s yield
sufficiently accurate predictions compared to DNS and DMD-Galerkin ROMs, while providing computational efficiency over high-fidelity
simulations. Furthermore, the DMD-Galerkin PROMs constructed with GMI and MRPWT exhibit comparable accuracy, while those with the
latter are more efficient due to its theoretical simplicity.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0277689

though their application to parameterized systems remains limited.’
Data-driven PROMs, owing to their low implementation complexity
and independence from prior knowledge of governing equations,
have garnered significant attention and widespread application in
recent years. Nevertheless, the absence of first-principles constraints

I. INTRODUCTION

Large-scale dynamical systems, particularly in the field of fluid
mechanics, often depend on a set of parameters. Investigating the com-
plex underlying physical phenomena in parameter-dependent systems
typically demands prohibitively high computational resources to cap-
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ture sufficient detail with high accuracy. This challenge has driven the
development of low-dimensional parametric reduced-order models
(PROM:s), which aim to efficiently and accurately approximate full-
order dynamical systems while achieving significant dimensionality
reduction.’

Parametric reduced-order modeling can be broadly classified
into intrusive (projection-based) and nonintrusive (data-driven) cate-
gories,” both of which can be conducted through either a local
approach (interpolation-based) or a global approach (stacking-based).”
Additionally, neural networks (NNs) have emerged as a promising
approach for developing data-driven reduced-order models (ROMs),"

often compromises their accuracy, stability, and generalization.”*
In contrast, projection-based methods—which utilize the underlying
governing equations—are generally more structured and theoretically
well-founded.” Specifically, projection-based approaches are con-
structed by projecting the governing equations onto a low-dimensional
subspace through Galerkin projection, where the subspace is spanned
by a modal basis derived from dimensionality reduction techniques.
Regarding dimensionality reduction techniques, several studies
provide systematic reviews, including proper orthogonal decomposition
(POD),”® dynamic mode decomposition (DMD)’ and others."'*"!
DMD, first developed by Schmid”’ Schmid and Sesterhenn'” and later
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elaborated by Rowley et al,,"” is a powerful and rapidly evolving dimen-
sionality reduction technique for identifying dynamical systems from
high-dimensional data.'*'” It is widely recognized for its straightforward
numerical implementation and theoretical connection to underlying
nonlinear dynamics via Koopman theory.*'” In combination with the
DMD method, many works have developed PROMs. To the best of our
knowledge, the parametric DMD proposed in Ref. 16 is the first
stacking-based DMD PROMs, and it should be noted that this approach
also integrates pointwise Lagrange interpolation for unseen parameters.
Building on this, for the local approach, Huhn et al.'” employed point-
wise Lagrange interpolation to approximate either the low-dimensional
linear operator or its eigenvalues and eigenvectors, thereby constructing
DMD PROM:s. Subsequently, manifold interpolation is utilized, based
on the concept of the general linear group and the Grassmann manifold,
to evaluate the low-dimensional linear operator and POD modes,
respectively, for developing DMD PROMs.'” This approach preserves
the intrinsic properties of these quantities involved in the interpolation
process, ensuring that the resulting PROMs accurately capture the
essential dynamics of the system and provide reliable approximations
for unseen parameters.”'’ Furthermore, several works employing
machine learning techniques, such as radial basis functions, k-nearest-
neighbors regression, and weighted interpolated nearest-neighbors algo-
rithms, have been integrated into the DMD method to construct
PROMs for parameterized systems, yielding significant performance
improvements in their test cases.”’ ** These aforementioned strategies
are widely investigated and applied, but they fall under the category of
data-driven DMD PROMs.

Compared with data-driven approaches, projection-based meth-
ods utilize the fundamental governing equations and are potentially
more flexible. Given DMD modes are non-orthonormal, Tissot ef al.””
and Callaham et al.”* proposed DMD-Galerkin ROMs through obli-
que projection (Petrov-Galerkin method) instead of the standard
Galerkin projection. Tissot et al.” further noted that the adjoint DMD
modes suffer from numerical corruption. Subsequently, Zhang and
Wei”” developed DMD-Galerkin ROMs by leveraging the bi-
orthogonality between the original DMD modes and their adjoint
counterparts, successfully applying the approach to flow over a cylin-
der and capturing its essential dynamics. However, these studies focus
on conventional ROMs, which require data from available cases, rather
than PROMs.

In short, existing strategies that employ DMD can be broadly
categorized as either data-driven PROMs or projection-based conven-
tional ROMs. Furthermore, interpolation-based methods demonstrate
superior suitability for constructing PROMs compared to stacking
methods, which are fundamentally limited by computational cost issues,
frequency inflexibility, and temporal sampling constraints.” To date,
both Grassmann manifold interpolation (GMI) and mode-realigned
pointwise interpolation (MRPWI) have demonstrated superior perfor-
mance in constructing data-driven DMD PROMs.”® It is therefore
necessary to extend these approaches to projection-based DMD
PROMs.”** To accommodate complex-valued, non-orthonormal
DMD modes, Du et al.”® extended GMI to the complex Grassmann
manifold based on the compact Stiefel manifold representation.
However, this approach still requires orthonormalization preprocess-
ing for interpolation. To address this limitation, the formulation
of GMI on the complex Grassmann manifold via the noncompact
Stiefel manifold representation is rigorously derived. Furthermore, the
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MRPWI, proposed in Ref. 26, is noted for its accuracy, efficiency,
and simplicity. These methods are incorporated here into the
DMD-Galerkin framework for constructing DMD-Galerkin PROMs.
Subsequently, a canonical problem—flow over a cylinder—is used to
demonstrate the capabilities of the proposed PROMs, with specific
attention to their predictive accuracy in sensitivity analysis and gener-
alization performance.

The structure of this work is as follows: Sec. II outlines the con-
struction of DMD-Galerkin PROMs, including the Galerkin projec-
tion, the DMD algorithm, and interpolation methods—GMI and
MRPWI. Subsequently, Sec. III introduces the flow over a cylinder
and the corresponding numerical framework. The evolution of flow
fields and aerodynamic coefficients for the flow over a cylinder is
then carefully examined to evaluate these PROMs. Finally, the
conclusion is presented in Sec. IV. Additionally, Appendix provides
the derivation of a theoretical framework for GMI, formulated on the
complex Grassmann manifold via the noncompact Stiefel manifold
representation.

Il. DMD-GALERKIN PARAMETRIC REDUCED-ORDER
MODELS

The methodology for developing DMD-Galerkin PROMs con-
sists of three key components: (A) Galerkin projection for temporal
evolution equations, (B) the DMD algorithm to obtain reduced-order
bases, which together form the DMD-Galerkin framework, and (C)
interpolation methods for basis adaptation at target (unseen)
parameters.

A. DMD-Galerkin framework

The Galerkin projection transforms the infinite-dimensional par-
tial differential equations into a finite set of ordinary differential equa-
tions (ODEs).”” Here, the DMD-Galerkin framework are first
introduced, with the governing equations projected onto a finite-
dimensional subspace spanned by the modal basis obtained from the
DMD method.

In the case of incompressible flow, the governing equations are
given by the Navier-Stokes equations. The velocity and pressure are
approximated using a truncated linear combination of the basis,”*'

w9 s
<p(x, t)) > ’(“(:/é(x)) =2 e, O

where ¢; and ¥, are the spatial modes for velocity and pressure,
respectively, and o;(t) are the corresponding temporal coefficients.
Additionally, including pressure in the spatial modes not only enhan-
ces the stability of the ROMs but also facilitates the evaluation of aero-
dynamic coefficients.”*"*

Since the DMD modes are not orthonormal, the Petrov—Galerkin
projection is employed to derive the DMD-Galerkin framework. A
low-dimensional dynamical system is derived by applying the Galerkin
projection to the Navier-Stokes momentum equations, incorporating
the approximation from Eq. (1),”

(@1, w) = (@1, —u - Vu) + (@1,vV2u— Vp). (2

This leads to the evolution equation for the temporal coefficients, for-
mulated as a system of N, nonlinear ODEs,”!
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N,

lenmm“n + Z Lyt (3)

1 m=1

M=

n

N,
Miméy =
m=1

Here, ( ) denotes the time derivative. The mass Mj,,, quadratic Qjuy,
and linear Ly, terms are given by,

M, = ((pla(Pm)a Qimn = ((plv TPy V(pn)’

(4)
Lim = ((ph VVZ(Pm - v‘/’m)

B. Dynamic mode decomposition

As mentioned previously, the DMD modes serve as the modal
basis for the DMD-Galerkin framework, and thus the DMD method
is briefly outlined. It is assumed that the data collected from the
dynamical system are sampled at equally spaced time intervals. At
each time t;, the sampled data form a snapshot of the system state,
which is then reshaped into a high-dimensional column vector s;.
These snapshots are then assembled into the data matrices X and X’
as follows:

X = [So,sl, ...,SN£,1] € (CN”XNS

)

()

X' = [s1,82,..,8n,] € CN<Ne

In fluid dynamics, N; is typically much smaller than the spatial dimen-
sion N,,. Specifically, for incompressible flow, each snapshot includes
both the velocity and pressure fields, and is given by

(uen)\
s]<p(x7tj)>eR . (6)

The underlying dynamical system is approximated by relating the
arranged data matrices, as described in Ref. 14,

X'~ AX, )

where A serves as a finite-dimensional approximation of the Koopman
operator."” To avoid explicitly forming the high-dimensional operator
A, the DMD method employs a low-dimensional operator A that
approximates A.”

The reduced operator A is obtained by projecting A onto the
truncated POD modes of X as follows:

A=UAU = U'X'VE~' e CNN (8)

where * denotes the conjugate transpose. Specifically, the reduced sin-
gular value decomposition (SVD) of X with a rank-N, approximation
is performed,

X ~ USV*. ()

Here, U € CNwxNy represents the left singular vectors (POD modes),
V e C¥N denotes the right singular vectors, and the diagonal
matrix £ € C"N contains the non-negative singular values. Then,
the eigendecomposition of A is performed as™*

AW = WA, (10)

where the columns of W € CN~>Nr represent the eigenvectors, and the
corresponding eigenvalues are given by the diagonal elements of A.
Importantly, since A and A are similar matrices, they share the same
nonzero eigenvalues. The eigenvectors of A, that is, the DMD modes,
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can thus be recovered from the eigenvectors of A. Finally, the projected
DMD modes are computed as the columns ¢j of @,

O = UW € CNNr (1)

which are employed in the DMD-Galerkin framework.

C. Interpolation methods

Interpolation methods, including Grassmann manifold interpo-
lation (GMI) and mode-realigned pointwise interpolation (MRPWI),
are introduced to construct DMD-Galerkin PROMs. Specifically, the

DMD modes {(Dj}]l.i"l, obtained from the DMD method for the set of

parameters {; ]N:"l, are interpolated to yield their counterparts at the
target parameter 7, which are then combined with Eq. (3). The accu-
racy of the GMI and MRPWI methods—that is, the performance of
PROMs—is influenced by the number of modes N, (i.e., truncation),
the system parameter interval Ay, and the number of neighbors Nj,. It
should be noted that the mode ranking criterion, as well as the rule
for selecting both the N, interpolating cases and the reference case,
and the distance metrics developed in Ref. 26, are directly adopted in
the interpolation process. The detailed description and demonstration
can be found in Ref. 26.

1. Grassmann manifold interpolation

GMI offers a powerful and geometrically consistent framework,
enabling effective subspace interpolation. Although the geodesic, expo-
nential mapping, and logarithmic mapping on the complex Grassmann
manifold have been presented in Ref. 26, orthonormalization is still
required due to the reliance on the Stiefel manifold representation.
Consequently, there remains potential for further development of inter-
polation methods for non-orthonormal DMD modes on the complex
Grassmann manifold. To this end, detailed derivations of the geodesic,
exponential mapping, and logarithmic mapping on the complex
Grassmann manifold, formulated through the noncompact Stiefel man-
ifold representation, are provided in Appendix.

GMI is performed by projecting a set of points (which are sub-
spaces) that lie on the Grassmann manifold onto the tangent space
defined at a reference point chosen from these subspaces, interpolat-
ing the projections, and then mapping the interpolated projection
back to the manifold to obtain the desired point. Geometrically, a
geodesic on the manifold is the locally shortest path originating
from the reference point and ending at another sufficiently close
neighboring point. The reference point serves as the initial position,
while the projections of the neighboring points on the tangent space
represent the initial derivatives, which uniquely determine their cor-
responding geodesics. In other words, all these geodesics share the
same initial position but differ in their initial derivatives. These ini-
tial derivatives, associated with different parameters, are interpolated
to obtain an initial derivative corresponding to the target parameter.
This interpolated initial derivative defines a geodesic on the mani-
fold whose end point yields the point associated with the target
parameter.

The GMI is graphically demonstrated in Fig. 1. Here, the points
(subspaces) {J; }JN;’1 on the Grassmann manifold G are spanned by the

DMD modes {(Dj}fipl. A reference point ), is selected from the set
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FIG. 1. lllustration of GMI.

{y]-}]’il to serve as the origin of the tangent space 7y,G of the

Grassmann manifold. The points {yj}f’;l (including Yy identical to
some ;) are then projected onto this tangent space. Thereafter, an ini-
tial derivative X, associated with the target parameter 7 and repre-
sented by the matrix T, can be constructed by interpolating the
projections {X j}JN:"I of the points {yj}]iﬂl. The subspace ) on the
manifold, spanned by the matrix ® (i.e., the DMD modes correspond-
ing to 7), can then be recovered from I'. The interpolation procedure
consists of the following operations:

These points {); }]N:"l, which are sufficiently close to the reference
point ), (as determined by the distance metric), are first mapped to
the tangent space 7y, G. The projection of Y}, that is, X; € Ty, G, is
represented by the matrix I'; obtained via the logarithmic mapping
Logy, G : G—7Ty,3,

1/2

(I — @ (D Dy) ™' ;) Dy (D;D)) " (D50p)"'* = MiE;N; (thin SVD),

Fj:thanfléij*‘ (12)

It is worth noting that Log,, Vo = 0 acts as the origin of the tangent
space 7 y,G. Since this tangent space is a vector space, interpolation

can be performed directly as in Euclidean space. The matrix T associ-
ated with 7, is computed as

NP
j=1

where o; are interpolation weights constructed using Lagrange polyno-
mials. Ultimately, T is mapped back onto the manifold G to obtain
Y € G, spanned by ®@. The exponential mapping Expy,G:7y,G—G
is given by

== ok

T=MEN" (thin SVD),
N L . (9
D = (0 (DyDy) *NcosEN" + MsinEN")(D;d,) ",

where @ denotes the DMD modes corresponding to 7.

2. Mode-realigned pointwise interpolation

MRPWI provides a numerically accurate, computationally effi-
cient, and theoretically straightforward approach for interpolation.”®
This method involves realigning the DMD modes associated with dif-
ferent parameters to the reference DMD modes, followed by interpola-
tion to construct the DMD modes corresponding to the target
parameter from these aligned modes.

As previously mentioned, DMD modes are the columns of
O, = [¢j1,¢j27 ...,¢JN’], where @; € CY*N and ¢Jk e CM for
k=1,2,...,N,. Initially, reference modes @, are selected from the set
{(Dj};vz”l. The modes {(Dj};\]:”l are then rotated column-wise to align

with the reference modes @, = [p), @2, ..., o', as follows:

¢ — ¢l for j=1,..N, k=12,.N, (15

where i is the imaginary unit, and qo}‘ = o(¢p, ¢Jk) is the (Kasner’s)
pseudo-angle. Specifically, the pseudo-angle ¢ between the complex
vectors ¢, and ¢, is defined as

_ <¢a7¢b> = (P((i) ¢b) — —iln <¢a7¢b>

el |allds]
Here, ¢ € [—m, 7], and the notation (¢,, ¢,) denotes the complex
inner product ¢ ¢,. Subsequently, the DMD modes @ at the target
parameter 7 are computed from the aligned DMD modes {(I)j}jl-i’l in
combination with Lagrange interpolation,

£/0(Pa:e)

Np
=Y o, (16)
=1
where o; represents the interpolation weights.

lll. CASE STUDY: FLOW OVER A CYLINDER
A. Flow description and numerical framework

The governing equations for unsteady, two-dimensional, incom-
pressible fluid flows are given by the non-dimensional Navier-Stokes
equations,
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V-u=0, Ou/0t+u -Vu=—Vp+Re !V, (17)

where the velocity u(x,t) = (u, vg_T and pressure p(x, t) are defined
over spatial coordinates x = (x, y)" and time ¢. The Reynolds number,
defined as Re = Uy, D/, is determined by the freestream velocity U,
cylinder diameter D, and kinematic viscosity v.

Figure 2 illustrates the spatial domain setup for flow over a
cylinder. Specifically, a Cartesian coordinate system is established
with the streamwise direction along x, the transverse direction along y,
and the origin located at the center of the cylinder. The rectangular
domain measures 50D x 30D in the streamwise and transverse
directions, respectively. At the inlet x = —15D, a Dirichlet boundary
condition is applied, specifying u(x, t) = (Us.,0)" with U,, = 1 uni-
formly.”” Meanwhile, a natural condition, formulated as [—pI + vV
-n =0, is imposed at the outlet x = 35D, where n denotes the unit
normal vector.” The cylinder surface satisfies the no-slip condition,
ensuring zero velocity relative to the wall. The top and bottom
boundaries (y = *15D) are assigned periodic boundary conditions
to simulate an unbounded flow domain and minimize wall effects.””

15D

15D

15D R 35D

FIG. 2. Spatial domain configuration for flow over a cylinder, with the cylinder diam-
eter doubled for clarity.

pubs.aip.org/aip/pof

The computational domain is initialized with the inlet velocity profile,
and periodic vortex shedding develops in the flow field after sufficient
computational time.

Direct numerical simulations (DNS) are conducted using the
open-source spectral element code Nek5000."*"” A total of 1472 spec-
tral elements constitute the computational domain, with 8> = 64
Gauss-Lobatto-Legendre (GLL) quadrature points in each element.
Specifically, seventh-order Lagrange polynomials are defined along
each direction within a spectral element to represent velocity and pres-
sure, corresponding to eight GLL points and six Gauss-Legendre (GL)
points, respectively (Px — Py_» formulation).”® The temporal discreti-
zation employs a third-order backward difference formula/extrapola-
tion (BDF3/EXT3), combining implicit treatment of viscous terms
(BDF3) and explicit integration of convective terms (EXT3),* with a
fixed time step At = 0.001.

A total of 19 flow cases are simulated, parameterized by Reynolds
numbers spanning Re € {70, 80, 85, 90, 100, 110, 115, 120, 125, 130,
135, 140, 145, 150, 160, 170, 175, 180, 190}. These flows exhibit two-
dimensional laminar dynamics with periodic vortex shedding
(47 < Re < 200)."" Flow snapshots are collected during the periodic
vortex shedding regime at intervals of At = 100At = 0.1, sampling
three periods of vortex shedding. This ensures compliance with the
Nyquist-Shannon criterion, which requires the sampling frequency to
be at least twice the inherent frequency (i.e., the dominant vortex shed-
ding frequency).” These flow data spanning multiple Reynolds num-
bers serve two purposes: (1) the construction of DMD-Galerkin
PROMs, and (2) the subsequent evaluation of these PROMs at target
Reynolds numbers Re. The sensitivity of PROMs developed using the
GMI and MRPWI methods is first comprehensively investigated by
varying the number of modes N;, the system parameter interval ARe,
and the number of neighbors N, with Re = 130 serving as the bench-
mark configuration. Then, these PROMs are examined under specific
parameter settings, with an emphasis on analyzing flow fields and
aerodynamic coefficients. Finally, the generalization capability of these
PROMs is systematically evaluated through both interpolation within
the parameter space and extrapolation to unobserved regimes.

O ROMs + 2-point GMI 4-point GMI ~ x  2-point MRPWI %  4-point MRPWI
(a) 0.7 (b) 4.5
06l ¥ « 4t %
05 * Xk X %X %X ¥ 3.5 %
: ilo
X 04} ¥ gz.s- ” * % * * *x
S O &
Sospo Eo I R
o) 14 15}
0.2 5 N |
0.1 O O O O} 5 O 0 0 0 0o O]
7 9 11 13 15 17 19 21 7 9 11 13 15 17 19 21

N,

FIG. 3. Error trends (RLEs) vs number of modes N;. (a) Velocity and (b) pressure (2-point: Re € {120, 140}; 4-point: Re € {100, 120, 140, 160}).
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B. Demonstration of DMD-Galerkin parametric
reduced-order models

After constructing the DMD-Galerkin PROMs for target parame-
ters, their performance is assessed through relative L? errors (RLEs),
where the relative L2 error metric is defined as

pubs.aip.org/aip/pof

For the target parameter Re = 130, the DMD-Galerkin PROMs
are developed through GMI or MRPWI under various settings of N,
ARe, and N,, representing the number of modes, system parameter
interval, and number of neighbors, respectively. As shown in Fig. 3,
the RLE:s for velocity and pressure decrease with increasing N, and sta-
bilize once certain values of N, are reached, with the 2-point and 4-
point interpolation schemes (N, € {2,4}) and ARe = 20. Figure 4

N:
Z SJROM — sijs ? illustrates that the RLEs increase with expanding system parameter
_ =1 2 interval ARe, as observed for both the 2-point and 4-point interpola-
&= N , (18) tion methods (N, € {2,4}) with N, = 13. Increasing the number of
Z ‘ st NS ‘2 neighbors N, in higher-order interpolation reduces the RLEs, as dem-
j=1 onstrated in Fig. 5, with N, = 13 and ARe = 20.

In this expression, s; denotes the jth snapshot from DNS or a (non)-
parametric reduced-order model (ROM), with DNS acting as the
benchmark, and the average is taken over N, snapshots.

It is observed that the predictive accuracy of PROMs improves
with an increasing number of modes N, and neighbors N,, whereas a
smaller parameter interval ARe further enhances their fidelity. The
PROMs constructed by GMI and MRPWI maintain comparable
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FIG. 4. Error trends (RLEs) vs system parameter interval ARe. (a) Velocity and (b) pressure (2-point: Re € { 125,135}, {120,140 }, { 115,145}, { 110,150 }; 4-point:
Re € {115,125,135,145 }, { 100,120,140,160 }, { 85,115,145,175 }, { 70,110,150,190 }).

O ROMs + GMI MRPWI
(a) (b) '
0.5} I 25t
X
047 27
& X ! *
|(§ 0.3} * W15+
S
02} S
(o] O (@) ©) (o) (o] (0] @)
0.1r1
. . 05t .
2 3 4 5 2 3 4 5

Ny

Ny

0¥:€¥:LL G20z Isnbny G

FIG. 5. Error trends (RLES) vs number of neighbors Nj. (a) Velocity and (b) pressure (Re € {120,140}, {100,120,140}, {100,120,140,160}, {80,100,120,140,160}).
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FIG. 6. DNS flow fields and ROM/PROMs error distributions at t = 15.

accuracy across different settings of Ny, ARe, and N,. Based on this,
intermediate settings with N, = 13, ARe = 20, and N, € {2, 4}, cor-
responding to Re € {120, 140} and {100, 120, 140, 160}, respectively,
are selected for subsequent analysis and demonstration.

At Re = 130, the DMD-Galerkin PROMs exhibit high accuracy,
with the evolution of flow fields and aerodynamic coefficients closely
aligning with those obtained from DNS and the DMD-Galerkin ROM.
The RLEs are no more than 0.6% for velocity and 3.0% for pressure.
Figure 6 better demonstrates the distributions of flow fields and errors
of the ROM and PROM:s relative to DNS. The first row depicts the
flow fields from DNS [Fig. 6(a)], while the subsequent rows [Figs.
6(b)-6(f)] show the error distributions & = SJROM — SJDNS from the
ROM and PROMs, with normalization using corresponding scales.
These fields reflect that velocity components u = (u, V)T and pressure
p predicted by the PROMs at t = 15 exhibit high accuracy. The error
patterns and magnitudes of GMI and MRPWI are in close agreement

at identical Nj,. Clearly, the errors corresponding to 4-point interpola-
tion methods are significantly lower than those generated by 2-point
methods, and are even comparable to those of the ROM. The consis-
tency between high-amplitude regions in DNS fields and error fields
indicates that one of the dominant parts of error is amplitude discrep-
ancy. In addition, there are oscillations at smaller scales in regions very
close to or far from the cylinder.

The lift and drag coefficients are computed from the pressure and
viscous forces exerted on the cylinder surface, which are determined
by surface integration over the boundary of the cylinder. The dimen-
sionless coefficients and the force are given by

F, F,

Cp=—52—r, C=—32—
PTpuzp2t Tt puiDj2’

F= fi; (—pI + 1) - ndS.
)

19)
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The force vector F = (F,, F,) is determined by the pressure p, viscous
stress tensor 7, and the outward normal vector n evaluated along the
cylinder surface 0Q, where p is the fluid density, U, is the freestream
velocity, and D is the diameter of the cylinder. Figure 7 illustrates the
time evolution of the drag and lift coefficients, demonstrating the high
fidelity of PROMs constructed with various interpolation methods in
comparison to DNS and the ROM. Specifically, the accuracy of these
PROMs is more clearly visible in the zoomed-in views, further verify-
ing the preceding analysis: GMI- and MRPWI-generated PROMs
exhibit comparable accuracy and progressively enhanced performance
with increasing Nj,.

The generalization capability of these PROMs is assessed by
applying the intermediate configuration consisting of Re € {120, 140}
and {100,120, 140, 160} with N, = 13, ARe = 20, and N, € {2,4}.
As shown in Fig. 8, the RLEs are evaluated across the interpolation
region (Re € [110,150]) and extrapolation ranges (Re € [80,90]
U170, 180]). Within the interpolation range, the constructed PROMs
achieve higher accuracy. The RLEs are below 0.8% (velocity) and 3.9%
(pressure) for 2-point interpolation, and 0.5% (velocity) and 3.7%
(pressure) for 4-point interpolation. In contrast, the extrapolation
cases exhibit significantly larger RLEs, particularly for 4-point interpo-
lation, which is more strongly influenced by distant neighboring
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FIG. 8. Error trends (RLES) vs target Reynolds number Re. (a) Velocity and (b) pressure. INT: interpolation; EXT: extrapolation (Re € {100, 120, 140, 160} with N, = 13,

ARe = 20and N, € {2,4}).
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points. Consequently, 4-point extrapolation may exhibit poorer per-
formance than 2-point extrapolation when Re exceeds the upper
bound of the interpolation range. These results demonstrate that while
the PROMs maintain high accuracy in the interpolation range, their

predictive capability deteriorates significantly in extrapolation regimes.

IV. CONCLUSION

The DMD-Galerkin PROMs are constructed by combining
DMD-Galerkin framework with various interpolation methods.
Specifically, the complex-valued, non-orthonormal DMD modes at the
target parameter are computed with either GMI or MRPWTI, which are
then coupled with the Galerkin projection to form the DMD-Galerkin
PROMs. These PROMs are assessed and demonstrated in the case of
flow over a cylinder, where they exhibit significant accuracy in com-
parison to DNS and DMD-Galerkin ROMs. Across different settings,
including the number of modes N;, system parameter interval ARe,
and number of neighbors N, the PROMs constructed with GMI and
MRPWTI exhibit comparable accuracy. With increasing N;, increasing
N, or decreasing ARe in the interpolation, the accuracy of these
PROM:s is further enhanced. In practice, such monotonic patterns
may not be universal, and the optimal settings for N,, Ay, and N,
should be determined empirically or based on available data in general.
While the PROMs demonstrate high-fidelity accuracy within the
investigated interpolation range, their extrapolation performance
degrades substantially, exhibiting significantly larger error magnitudes.
Generally, it is better that target parameters lie within the interpolation
range of the parameter space, preferably near its center, while extrapo-
lation should be restricted to regions close to the parameter space
boundaries for accurate PROMs. High-order schemes are recom-
mended for interpolation, while lower-order schemes generally pro-
vide more reliable results for extrapolation. Additionally, the PROMs
constructed with MRPWI are more efficient than those built with
GM], attributable to its theoretical simplicity.

The DMD-Galerkin PROMs, along with the GMI and MRPWI
methods, are well-suited for extension to reduced-order modeling in
other areas owing to their accuracy and efficiency.
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APPENDIX: DERIVATIONS OF EXPONENTIAL

AND LOGARITHMIC MAPPINGS ON THE COMPLEX
GRASSMANN MANIFOLD VIA THE NONCOMPACT
STIEFEL MANIFOLD REPRESENTATION

Following the derivation of the geodesic, exponential, and loga-
rithmic mappings on the real Grassmann manifold,""" as well as on
the complex Grassmann manifold with a Stiefel manifold representa-
tion,”® the corresponding counterparts based on the noncompact
Stiefel manifold representation are accordingly established.

The set of all p-dimensional subspaces of the Euclidean space
C", where p < n, is known as the Grassmann manifold (also called
the Grassmannian), denoted by G = Gr(p, n),

Gr(p,n) :={Y C C"|Visasubspace, dim()) = p}. (A1)

It can be viewed as a Riemannian quotient manifold of the noncom-
pact Stiefel manifold St(p, ),

Gr(p,n) = St(p,n)/GL(p) = {[V]|¥ € St(p,n)}, (A2)

where the noncompact Stiefel manifold St(p,n) is the set of all
n X p complex matrices with full column rank, defined as

St(p,n) :== {¥ € C"P|rank(¥) = p}. (A3)

Each point (subspace) )V € G is identified with an equivalence class
[W], where [¥] = {¥R|R € GL(p)} = WGL(p). Thatis, Y = [V rep-
resents all matrices related to ¥ € C™*” by right multiplication with
an invertible p x p matrix GL(p). Equivalently, the subspace ) is given
by the column space of ¥, that is, ) = span(¥). The matrix represen-
tation of a subspace is thus not unique; any matrix whose columns
span the same subspace belongs to the same equivalence class. At any
point Y = [¥] € G, the tangent space 7 3§ is given by

TyG = {l € C"?|¥'T =0}, (A4)

with ) serving as the origin of the tangent space. The tangent space
T y@ is a flat vector space with the same dimension as the manifold
G, allowing interpolation to be carried out in 7@ in a manner
analogous to that in Euclidean space. The Riemannian metric, an
inner product on the tangent space 7 G, is admitted as

(M. 1)y = Re[e((¥79) T ) |, TuDeThg  (as)

To derive the geodesics equation on the Grassmann manifold
G, consider the minimization of the energy functional,
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Since both (¥*W¥) ™" and ¥ ¥ are Hermitian matrices, the trace of
their product is real-valued, so the use of the Re[:] operator is
unnecessary."’ By applying the variation W(t) — W(t) + 0¥(t) and
its conjugate W*(¢) — W*(t) + 0W*(¢), the first variation of the
action becomes

tloF dorF OF d OF\ ...
o [ [ - dom)ow s (2 42w

The Euler-Lagrange equations follow from the stationarity condi-
tion 0€ = 0, leading to the geodesic equation,

(1) + ) (Pw) W =0, teo,1]. (A8)

Since ¥ lies in the tangent space 7, it satisfies the orthogo-
nality condition ‘I’ ¥ = 0 according to the definition in Eq. (A4).
Differentiating ¥ with respect to the parameter ¢, and employing
the orthogonality condition W' ¥ = (¥*W)" = 0, together with the
geodesic equation [Eq. (A8)], yields

LA R
dt

= (WY)W () T W =0, (A9)
which indicates that W W remains constant over f. Let
V(0) = [Wo], and given that Wo(¥*W) /2 = MEN", the relation
(W) 2 W (W) 2 = NE2N* follows.  Inserting  these
expressions into Eq. (A8) leads to the equation,

1/2N

P ()P ) PN + () (P ) NE2 = 0. (A10)

The solution to the above second-order differential equation is
(1) (W5 %0) PN =Wo (¥; o) *Neos(Et) + Msin(Er). (Al1)

Hence, the geodesic path is described by
* *1/2 —_ *
Y(t) = span(¥(¢)) = span((‘l’o (P%o) "N cos(Et)N
+ Msin(Et)N*)(‘I"S‘PO)l/z). (A12)

Ultimately, the exponential mapping, which maps a tangent
vector from the tangent space to the end point of the corresponding
geodesic on the Grassmann manifold, is defined as
Expyog :Ty,G639T =Y eg,

I' = MEN* (thin SVD),
“12 1, (A13)
Y = (Wo(¥; W) '"NcosEN* + Msin EN*) (P W) *.

The logarithmic mapping, that is, the inverse of the exponential
mapping, projects a point on the Grassmann manifold onto the tan-
gent space. It is given by Log,, G: GOY — I' € Ty,G,

(I—Po (W) W)W (W) ' (¥;Wo)'> = MEN™ (thin SVD),
[=Mtan 'EN". (A14)

It should be noted that the equality holds by combining Egs. (A13)
and (A14), leading to

ARTICLE pubs.aip.org/aip/pof

(I— Wo(W5Wo) "Wy (¥;¥) ' (¥;%0)"* = MtanEN". (A15)

Thus,
(1= Wo (W) WO P (W) (¥ 00) '
= MEN* = I = Mtan 'EN". (A16)
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